Abstract. In this paper, we will show that the limit of the BrownYork mass of a family of convex revolution surfaces in an asymptotically Schwarzschild manifold is the ADM mass.
Introduction
Throughout this paper, we will denote (R 3 , δ ij ) as the 3-dimensional Euclidean space, x 1 , x 2 , x 3 as the standard coordinates, r and ∂ as the Euclidean distance and the standard derivative operator on R 3 respectively. Let us first recall some definitions. First of all, we will adopt the following definition of asymptotically flat manifolds. Definition 1.1. A complete three dimensional manifold (M, λ) is said to be asymptotically flat (AF) of order τ (with one end) if there is a compact subset K such that M \ K is diffeomorphic to R 3 \ B R (0) for some R > 0 and in the standard coordinates in R 3 , the metric λ satisfies: .
A coordinate system of M near infinity so that the metric tensor in this system satisfy the above decay conditions is said to be admissible. In such a coordinate system, we can define the ADM mass as follows. where S r is the Euclidean sphere, dΣ 0 r is the volume element induced by the Euclidean metric, ν is the outward unit normal of S r in R 3 and the derivative is the ordinary partial derivative.
We always assume that the scalar curvature is in L 1 (M) so that the limit exists in the definition. In [2] , Bartnik showed that the ADM mass is a geometric invariant. More precisely, he proved the following theorem (see [2, Proposition 4 .1] for a more general setting): Theorem 1.1. Suppose (M, λ) is an AF manifold with scalar curvature
be an exhaustion of M by closed sets such that the set S k = ∂D k are connected C 1 surfaces without boundary in R 3 such that
That is, the ADM mass is independent of the sequence of {S k }.
On the other hand, there have been many studies on the relation between the ADM mass of an AF manifold and the so called quasilocal mass. Let us recall the definition of the Brown-York quasi-local mass. Suppose (Ω, µ) is a compact three dimensional manifold with smooth boundary ∂Ω, if moreover ∂Ω has positive Gauss curvature, then the Brown-York mass of ∂Ω is defined as (see [5, 6] ):
where H is the mean curvature of ∂Ω with respect to the outward unit normal and the metric µ, dσ is the volume element induced on ∂Ω by µ and H 0 is the mean curvature of ∂Ω when embedded in R 3 .
The existence of an isometric embedding in R 3 for ∂Ω was proved by Nirenberg [15] , the uniqueness of the embedding was given by [11, 17, 16] , so the Brown-York mass is well-defined.
It can be proved that the Brown-York mass and the Hawking quasilocal mass [9] of the coordinate spheres tends to the ADM mass in some AF manifolds, see [6, 10, 4, 3, 20, 8] , and even of nearly round surfaces [19] . It is therefore natural to ask whether the quasi-local mass of a more general class of surfaces tends to the ADM mass.
In this paper, we will consider a special class of AF manifolds, called asymptotically Schwarzschild manifolds, which is defined as follows:
K is a compact set containing the origin, and
where
Clearly, (N,g) is an AF manifold. For b = 0, (N,g) is called a Schwarzschild manifold. In this case, we always denoteg as g. Note that the scalar curvature of (N, g) is zero [13] (page 283) and that of (N,g) is in L 1 (N), so in both cases the ADM mass is well defined. We will study the limiting behaviors of Brown-York mass on some family of convex revolution surfaces in an asymptotically Schwarzschild manifold. We will first prove the following: Theorem 1.2. Let (N, g) be a Schwarzschild manifold, {D a } a>0 be an exhaustion of N. Suppose {S a = ∂D a } a>0 is a family of closed convex surfaces of revolution in (R 3 , δ ij ) with the rotation axis passing through the origin, satisfying the following conditions: (i) (1.5)K ≥ C 1 a 2 whereK is the Gaussian curvature of S a with induced Euclidean metric,
0 <H ≤ C 2 a whereH is the mean curvature of S a with induced Euclidean metric,
where C i > 0 are independent of a. Then
One example of surfaces satisfying the conditions in Theorem 1.2 (and also Theorem 1.3 below) is the family of ellipsoids:
which is not nearly round [19] . In contrast, the Hawking mass of this family of ellipsoids in (N, g) does not tend to the ADM mass of (N, g), indeed one can check that the Hawking mass of this family tends to negative infinity as a → ∞.
Remark 1.1. The above conditions (i) and (ii) imply that the principal curvature λ of S a in (R 3 , δ) satisfy
for any a. For if 0 < λ 1 ≤ λ 2 are the principal curvatures, then (1.6) implies
Together with (1.5),
(1.10) Then we will generalize the result of Theorem 1.2 to an asymptotically Schwarzschild manifold:
) be an asymptotically Schwarzschild manifold and S be a C 6,α (0 < α < 1) closed convex revolution surface parametrized by
Then there exists ε > 0 such that for any family of C 5,α closed convex revolution surfaces S a in (R 3 , δ) satisfying (1.5)-(1.7) and is parametrized by
we have lim
From this result, one has Corollary 1.1. Let (N,g) be an asymptotically Schwarzschild manifold. Let {S i } be a family of C 7 closed convex revolution surfaces in (R 3 , δ) satisfying (1.5)-(1.7) and is parametrized as:
for some constant l > 0, here a i are positive numbers with lim i→∞ a i = +∞. If there is a constant c such that
This paper is organized as follows. In section 2, we will prove Theorem 1.2. Theorem 1.3 will be proved in section 3.
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Proof of Theorem 1.2
For simplicity, from now on to the end of the paper, we use O (a −1 ) to denote a quantity which is bounded by Ca −1 for some constant C independent of a as a is big enough. Similar for O (1), O (a −2 ) and O (a −3 ). We will first compute the mean curvature of S a in (N, g) and of the embedded surface of the Euclidean space respectively.
From the assumptions of S a , we can assume that S a is parametrized by
w a (ϕ), h a (ϕ) being smooth functions for ϕ ∈ [0, l a ] (i.e. w a , h a can be extended smoothly on a slightly larger interval ). Moreover, (i)
(ii) The generating curve (w a (ϕ), h a (ϕ)) is parameterized by arc length. i.e.
(iii) w a is anti-symmetric about 0 and l a , h a is symmetric about 0 and l a , i.e.
and the Gaussian curvatureK of S a with the induced metric ds 2 is
2). Let φ a be the function φ restricted on S a , note that in (ϕ, θ) coordinates, φ a = φ a (ϕ) is independent of θ. We have the following lemma:
can be extended continuously to the whole [0, l a ]. Moreover there exists a constant C independent of a such that
Proof. We first show that the limits
exist and are bounded by C. The Gaussian curvatureK of the point (0, 0, ah a (0)) on S a with induced Euclidean metric is equal to
This can be shown by the fact that for an arc-length parametrized plane curve (w a (ϕ), h a (ϕ)), its curvature is given by −w
which is finite and is bounded by some C > 0 by (1. 
which can be extended to [0, l a ] by the above, and is of order
We have the following estimates Lemma 2.2. Regarding φ a = φ a (ϕ) as functions on S a , we have
By direct computations and (2.2), (2.3),
and 
From now on, we will drop the subscript a and denote w a by w, h a by h, φ a by φ and l a by l. We also denote ds 2 to be the metric on S a induced from g. Lemma 2.3. The Gaussian curvature K of (S a , ds 2 ) is positive for large enough a. In particular, there exists a unique isometric embedding of (S a , ds
2 ) into (R 3 , δ) for sufficiently large a.
Proof. Let ds 2 be the metric on S a induced by δ and ds 2 be that induced by g. Since
one has
and
Similar result holds for G. By the formula (2.17)
and the corresponding formula forK, one can get K =K + O (a −3 ). Hence the lemma holds. Now let us compute the mean curvature of a revolution surface in (R 3 , δ).
Lemma 2.4. For a smooth revolution surface S in (R 3 , δ) parametrized by (2.18) (au(ϕ) cos θ, au(ϕ) sin θ, av(ϕ)), 0 < ϕ < l, 0 < θ < 2π, its mean curvatureH with respect to δ is
Proof. The mean curvatureH of S with respect to δ is computed to be
The lemma is proved.
Lemma 2.5. The mean curvature H of S a with respect to g is
where n is the outward unit normal vector of S a with respect to δ.
Proof. By Lemma 2.4, the mean curvature of S a with respect to δ is (2.24)H = w
The mean curvature H of S a with respect to g is ( [18] , page 72):
where n is the outward unit normal vector of S a with respect to δ. Therefore
Lemma 2.6. For sufficiently large a, there is an isometric embedding of (S a , ds 2 ) into (R 3 , δ) which is given by (2.26)
(2.27)
Proof. The existence has already been proved in Lemma 2.3. In (ϕ, θ) coordinates, the metric on S a induced by g can be written as:
We can regard (S a , ds 2 ) as S 2 , the sphere with the metric ds 2 . Now we want to find two functions u, v such that the surface written as the form (2.26) is an embedded surface S e a of S a into (R 3 , δ). First of all, the induced metric by the Euclidean metric on the surface which is of the form (2.26) can be written as:
Comparing this with (2.28), one can choose 
φ 2 h ′2 > 0 for sufficiently large a. For these a, we can take
Note that by (2.4), v ′ is an odd function for ϕ ∈ [−l, l]. By choosing an initial value, one can get an even function v. By the above argument, one has (2.33)
From (2.29) and (2.30), near ϕ = 0, u, v can be extended naturally to (−ε, ε) for some ε > 0. Since u is an odd function in ϕ , v is an even function in ϕ, and u ′2 + v ′2 = T 2 > 0, the generating curve in {x 2 = 0} is symmetric with respect to x 3 -axis, and is smooth at ϕ = 0. Similarly, it is also smooth at ϕ = l. Hence the revolution surface determined by the choice of u, v as above, can be extended smoothly to a closed revolution surface, which is an embedded surface of S a . This completes the proof of the lemma. Now we are ready to prove Theorem 1.2.
Proof of Theorem 1.2. Let u, v be defined as in Lemma 2.6. Recall that
(2.34) By Lemma 2.2, we have
(2.35) By Lemma 2.4 and Lemma 2.6,
Combining with Lemma 2.5, (2.37)
Using (2.34) and (2.35),
(2.38) By (2.34) and (2.35),
(2.40) Summing (2.38), (2.39) and (2.40) and comparing with (2.37), we have
As
Denote the Euclidean area element of S a by dσ 0 , the area element of (S a , ds 2 ) by dσ. Note that
To prove the result, it suffices to show
The Euclidean area element is computed to be (2.43) dσ 0 = a 2 wdϕdθ.
By (2.5) and Lemma 2.1,
Since the norm of the Euclidean gradient of φ has |∇ 0 φ| = O(r −2 ), one has n(φ) = O(a −2 ). So 
where n is the unit outward normal of S a with respect to δ. By a direct computation,
Combining (2.46) and (2.47), we have
We are done.
Proof of Theorem 1.3
We will reduce the case of Theorem 1.3 to the Schwarzschild manifold. Let us compare the mean curvature before embedding. for some constant C independent of a, whereH and H are the mean curvatures of S a with respect tog and g respectively.
Proof. We claim that
where A andÃ are the second fundamental forms with respect to g andg respectively. Let ρ(x) defined on N to be the distance from x to S a with respect tog. We will use the fact [12, (7.10) ]:
for any tangent vectors X, Y of S a . For completeness, we prove it here.
We proceed as in [19] Lemma 2.6. First of all, we have
here the subscript denotes ordinary derivative and Γ k ij are the Christoffel symbols with respect to g, with the indices i, j, k = 1, 2, 3. Denotẽ Γ k ij to be the Christoffel symbols with respect tog. Then since theg gradient |∇ρ|g = 1, we also have
Combining this with (3.3), we can get (3.2).
Note that
) by the assumptions of the metrics.
By asymptotic flatness, 1 =g 
where n is the unit outward normal with respect to δ. In particular, as
Combining all these together with (3.2), it is easy to see that (3.1) holds. Combining (3.1) and the metric conditions of g andg in Definition 1.4, this implies the lemma.
Let (S a , ds 2 ) , (S a , ds 2 ) denote the surface S a with metric ds 2 , ds 2 induced fromg, g respectively. By Lemma 2.3, for a >> 1, the Gaussian curvatures on (S a , ds 2 ) and (S a , ds 2 ) are both positive, which implies that they can be isometrically embedded into (R 3 , δ) uniquely. Now let us compare the mean curvature after embedding: Lemma 3.2. Under the same notations and conditions of Theorem 1.3. LetH 0 , H 0 be the mean curvature of the embedded surfaces of (S a , ds 2 ) and (S a , ds
2 ) in (R 3 , δ) respectively, as a >> 1, we have
Proof. We can setφ = π l ϕ, so it suffices to show that the lemma holds for l = π. Also, by identifying S and S a with the sphere S 2 , we can regard all the metrics here (ds 2 etc.) to be metrics on S 2 . We will denote w a as w and h a as h. Since the ADM mass of (N, g) is equal to that of (N,g), combining with Lemma 3.1 and Lemma 3.2, we can get the result.
